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In this paper, the current state of the art of molecular theories of nematic mesophases is 
reviewed. For this puxpose, the many theories of nematogens which have been proposed are 
grouped into two classes: ( 1 )  the Maier-Saupe theory and its extensions and variants, which 
assume that nematic long-range order is primarily due to anisotropic intermolecular attractions 
and (2) the hard-rod and van der Waals theories, which assume that nematic order results 
primarily from excluded volume effects. These two types of theories are discussed in turn, 
with particular emphasis on the basic assumptions and approximations, the relative strengths 
and weaknesses, and the most fruitful applications of each of them. Finally, prospects for 
improving and extending current molecular theories are examined briefly. 

I. INTRODUCTION 

In this paper, I attempt to describe the current “state of the art” of molecular 
theories of rodlike nematogens. (The theory of disc-like nematogens is still 
in its infancy at this point.) In my assessment of various theoretical ap- 
proaches, I have tried to be even-handed and “nonpartisan”. Nonetheless, 
it should be emphasized that my conclusions represent the opinion of one 
theorist. Some of my colleagues may disagree with me on some points. 

Since the pioneering work of Onsager,’ Flory,’ and Maier and S a ~ p e , ~  
a large number of molecular theories of nematics have been proposed. 
Quite conveniently for my purposes, all but a very few of these fall into one 
of the following two groups: (1) the Maier-Saupe theory and its extensions 
and variants and (2) the hard-rod and van der Waals theories. In the first 
group of theories, it is assumed that nematic long-range order results 
primarily from orientation-dependent intermolecular attractions, particu- 
larly London dispersion forces. Furthermore, explicitly or implicitly, it is 
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30 M. A. COTTER 

assumed that short-range intermolecular repulsions can be treated as effec- 
tively spherically symmetric. (Since rodlike nematogens are clearly not 
spherical in shape, what is presumably being assumed is that the effects of 
the anisotropy in the short-range repulsions are very similar in nematic and 
isotropic phases and hence can be ignored.) In the second group of theories, 
on the other hand, nematic order is assumed to result primarily from the 
orientation-dependence of the very short-ranged intermolecular repulsions, 
which can be approximated by hard-core exclusions. In the hard-rod 
theories, there are no interactions between molecules other than the infinite 
repulsions which prevent overlaps; in the van der Waals theories, inter- 
molecular attractions are superimposed on the hard-rod repulsions and 
the attractions are treated via some type of mean field approximation. 
An extensive (though certainly not complete) list of Maier-Saupe type 
the~r ies ,~- '~  hard-rod and van der Wads theories2,26-40 is 
given in the bibliography of this paper. (To avoid inordinate length, this 
sampling includes only theories of pure thermotropic rodlike nematogens.) 

It is clearly not possible, in a brief review paper, to discuss all these 
theories in turn or even to point out the differences between the various 
approaches within each group. Instead, I shall concentrate on one represen- 
tative theory from each of the two groups: a generalization of the original 
Maier-Saupe theory3 from the first group and a van der Waals theory 
developed by Gelbart and Baron" and by me35 from the second group. The 
generalized Maier-Saupe theory and this van der Waals theory are dis- 
cussed in Sections I1 and 111, respectively. In each case, the basic assump- 
tions, idealizations, and approximations of the theory are first discussed 
and then the numerical results obtained to date are summarized and com- 
pared with experimental data on common nematogens. Finally, in Section 
IV, the two groups of theories are compared with respect to their relative 
strengths and weaknesses, their most fruitful applications, and the pros- 
pects for improving and extending them. 

II. THE GENERALIZED MAIER-SAUPE THEORY 

The original mean field theory of Maier and Saupe3 was first extended by 
Chandrasekhar and Madhusudana4v4' and then cast in its most general form 
to date (for inflexible, cylindrically symmetric model molecules) by 
Humphries, James, and L~ckhurst .~ It is largely the latter generalization 
which is discussed below." 
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MOLECULAR THEORIES OF LIQUID CRYSTALS 31 

A. Basic assumptions and approximations 

In the derivation of their generalized Maier-Saupe theory, Humphries, 
James, and Luckhurst’ (HJL) invoked the following idealizations and 
approximations. 

1. Molecular flexibility was neglected; i.e., the potential energy of the 
system was assumed to depend only on the positions and orientations of the 
molecules, not on any conformational coordinates. Specifically, it was 
assumed that 

N N 

u(rN, a”) = C ~(rij  9 Q aj) = C [vo(rJ + Va(rij7 Q aj)I, (1) 
i<J=2 i<j=2 

where U(rN,  ON) is the N-particle configurational energy, 52, and aj repre- 
sent the orientations of molecules i andj, and rii is the vector connecting 
their centers. 

2. Cylindrical molecular symmetry was assumed. n thus represents a 
pair of angles: the polar angle 0 and the azimuthal angle 4 needed to specify 
the orientation of the symmetry axis of a molecule with respect to a 
space-fixed coordinate system with Z-axis parallel to the nematic director. 
In order to derive a general expression for the pair potential v(rij, Ri, nj), 
they began with the completely general expansion of P0p1e~~ for axially 
symmetric molecules; namely, 

v(r, e;, <b:, ej, 4;) = 4~ C ULIL2m(r)YLl.m(eIr +I)y,*2,m(ej, 4J7 (2) 

where r = (rii(, the YLJB’ ,  #’) are normalized spherical harmonics, and 
e,!, &, el, and 4; are defined with respect to a coordinate system in which 
the intermolecular vector is the Z-axis. Transforming to the space-fixed 
coordinate system with Z-axis parallel to the nematic director, this becomes 

L I ,  L 2 .  m 

where the DAti and 022 are the elements of Wigner rotation matrices.” 
3. The mean field approximation was invoked to treat the orientation- 

dependent part of the intermolecular attractions (described by the pair 
potential v,(ri,, Q, a,)); i.e., the orientation-dependent attractions between 
a molecule with orientation and all its neighbors were approximated 
collectively by the interaction of the given molecule with an average or 
mean field described by the pseudo-potential q0(Q, p). 
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32 M.A. CO'lTER 

4. In evaluating &(fl,p), it was assumed that the neighbors of a 
molecule with orientation fl are arranged about it in a spherically sym- 
metric manner. 

Given these assumptions and approximations, it can be shown that the 
mean field pseudo-potential &(a, p), the orientational distribution function 
f(fl), and the Helmholtz free energy A are given by 

and 

1 
A = A. + N k T j f ( f l )  ln[4nf(fl)]dfl - yNC n S  I E~,,$,, (6) 

where /3 = l/(kT), 8 is the angle between the molecular symmetry axis 
and the nematic director, A. is the order-independent part of the free energy 
A, and r/2n and Q,, are the average values of Pb(cos 0) and 

N 2n c c. k!&/kJ, 
j=2  m=-2n 

respectively. Finally, the order parameters 7)2n are obtained by iterative 
solution of the consistency relations 

qk = jAn)Ph(cOs e)da (8) 

J exp[-~?,~n)]  sin e de 

Approximation 4 above clearly is reasonable if and only if the very 
short-range repulsions between molecules are assumed to be at least ap- 
proximately spherically symmetric. In this case, the short-range repulsions 
contribute to the isotropic part vo(rJ of the intermolecular pair potential and 
the anisotropic part v,(rii, f l i ,  flj) must be largely due to intermolecular 
attractions. Despite the generality of the pair potential (2), it is clear that 
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MOLECULAR THEORIES OF LIQUID CRYSTALS 33 

the generalized Maier-Saupe theory is based on the underlying assumptions 
noted in the introduction; namely, (1) that nematic order results primarily 
from anisotropic intermolecular attractions and (2) that the very short- 
ranged repulsions between molecules can be assumed to be spherically 
symmetric. Finally, it is clear that the pseudo-potential (4) can be obtained 
starting from a much simpler expression for v,(rb, Q, aj); i.e., 

ns I 

where yii is the angle between the symmetry axes of molecules i andj.  

B. Results 

Numerical calculations have been carried out using two truncated versions 
of the pseudo-potential (4): in the original Maier-Saupe t h e ~ r y , ~  

- 
$0 = -Ez(P)q2P2(COS 6) ( 1 1 )  

(12) 

was used; Humphries, James, and Luckhurst5 later used 
- 
+a = - E 2 ( ~ ) [ m ( ~ ~ S  el + AV$4(cOS 

where A = E & ) / E ~ ( ~ )  = a constant. Maier and Saupe assumed that 
~ ( p )  = p2, while HJL obtained best agreement with experimental data by 
assuming that E~ a p4 It has been shown, however, that complete statistical 
mechanical self-consistency of the mean field theory requires E, a p for all 
n.45 This required density-dependence was used in all the calculations 
quoted below. 

As is well known, the simple Maier-Saupe theory yields semi- 
quantitative agreement with experimental data on common nematogens. 
Moreover, this agreement can be improved substantially in several re- 
spects by the addition of the term proportional to P4(cos 6) to the mean 
field pseudo-potential. This can be seen clearly from Figures 1 and 2 and 
Table 1. 

In Figure I ,  the order parameter q2 is plotted versus reduced tempera- 
ture T* = T/TN, (TNI is the nematic-isotropic transition temperature) for 
several nematogens at a constant pressure of one atmosphere, and these 
experimental data are compared with the predictions of the simple Maier- 
Saupe theory, given by curve A. [In calculating the theoretical curve A, it 
was assumed that V* = V/V,, = p,,/p is a universal function of T* and 
experimental data were used to construct V*(T*).I5 Although the Maier- 
Saupe prediction that q2 should be a universal function of T* is not borne 
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34 M. A. COTTER 

0.90 0.92 0.94 0.96 0.98 1.00 

T" 
FIGURE 1 The temperature dependence of the order parameter Q at a constant pressure of 
I atm for p-azoxyanisole 2.4-nonadienoic acid (A)," and p-azoxyphenetole (a)." 
Curve A is predicted by the simple Maier-Saupe theory with E~ = p. Curve B is predicted by 
the van der Waals theory with x = 1.75 and an empirical mean field pseudo-potential. 

out by the experimental data, the theoretical curve q2(T*) nonetheless has 
roughly the correct shape. If the HJL pseudo-potential is used instead, with 
suitable choices for the parameter A ,  it is possible to fit the data on each of 
the three nematogens reasonably well. 

The temperature-dependence of vz at constant density, rather than con- 
stant pressure, is shown in Figure 2. The experimental points are from the 
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MOLECULAR THEORIES OF LIQUID CRYSTALS 35 

400 41 0 420 430 440 

FIGURE 2 The temperature dependence of the order parameter q2 at constant density: 
comparison between theory and experiment. The experimental points are from the data of 
McColl and Shih" for p-azoxyanisole. Curves b and a are the predictions of the simple 
Maier-Saupe theory and the HJL theory, respectively. 

measurements of McColl and Shih48 on p-azoxyanisole (PAA) at a constant 
molar volume of 221 cm3; the curves marked b and a were obtained using 
the Maier-Saupe pseudo-potential and the HJL pseudo-potential with 
A = -0.187, respectively. Finally, in Table I, experimental and theoretical 
values of the transition temperature, the entropy of transition, the order 
parameters q2 and v4, and the quantity 7 = -p(a77,/ap),/(T(a77*/a~p) at 
the NI transition for PAA are compared. The last quantity, first introduced 
by McColl and Shih,48 is a measure of the relative sensitivity of the order 
parameter q2 to changes in density versus changes in temperature. The 
generalized Maier-Saupe theory with E, a p, as is required for statistical 
mechanical self-consistency, predicts that 7 = 1 for all p and T. Aside from 
this difficulty and an overestimate of the entropy of transition, it is clear that 
using E, and A as adjustable parameters, the HJL approach yields rather 
good agreement with experiment. 
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36 M. A. COITER 

TABLE I 

Values of various quantities at the N1 phase transition as predicted by the theories 
of Maier and Saupe (MS) and Humphries, James, and Luckhurst (HJL). 

Exp’tl data Theoretical predictions 
Quantity for PAA* MS HJL 

A = -0.1 A = -0.2 A = -0.3 
TN, 409K 409K 409K 409K 409K 
% 0.36 0.429 0.398 0.372 0.353 

0.07 0. I20 0.098 0.081 0.070 
ASlNk) 0. I7 0.417 0.358 0.314 0.282 

7 4.0 1 1 I 1 

*For the references from which these values were taken, see Ref. 39b. 

111. THE VAN DER WAALS THEORY 

A. Basic assumptions and approximations 

The van der Waals theories of nematic liquids, like the van der Waals theory 
of simple  liquid^,“^ are based on the assumption that the structure of a liquid 
far from its gas-liquid critical point is largely determined by very short- 
ranged intermolecular repulsions, which can be approximated satisfactorily 
by hard-core exclusions. In deriving the present version of the t h e ~ r y , ~ * ~ ’  
the following idealizations and approximations are invoked: 

1. Molecular flexibility is again neglected and a nematogen is modeled 
as an inflexible object with some average or effective shape. In this in- 
stance, it is assumed that 

i<j=2 

where v,~, is a very short-ranged repulsive potential and v,,, is a somewhat 
longer-ranged attractive potential. 

2. The very short-range intermolecular repulsions are approximated by 
hard-rod exclusions; i.e., it is assumed that ’ 

03 if the hard cores of i 
and j would overlap vrep(rij, Qi, Qj) = v*(rij, Qi, QJ = (14) J l  0 otherwise 

3. The rodlike molecular hard cores are assumed to have cylindrical 
symmetry. thus again represents the pair of Euler angles ( O , + ) .  
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MOLECULAR THEORIES OF LIQUID CRYSTALS 37 

4. Intermolecular attractions are treated via the mean field approxi- 
mation; i.e., the attractions between a molecule with orientation and all 
its neighbors are approximated collectively by the interaction of the given 
molecule with a spatially uniform mean field $(a, p). Two different ap- 
proaches have been used to evaluate the pseudo-potential $(a, p). 

(a) In the empirical approach first used in Ref. 35a, the pseudo-potential 
was assumed to have the simple form 

- 4w, p) = -%p - Yp?72Pz(cos 6) (15) 

where q, and y are positive constants, 0 is the angle between the molecular 
long axis and the nematic director, and P2 and * are again the second order 
Legendre polynominal and the nematic order parameter, respectively. In 
this approach, % and y are treated as adjustable parameters and no 
attempt is made to calculate them from an assumed attractive potential 

(b) In the generalized van der Waals theory of Gelbart and Baron?4 on 
the other hand, 3 is related to the intermolecular potential of attraction v,,, 
by the equation 

vmt (rc, ai, Q j ) *  

Jl(a,p) = p dnlf(fl’) e-sl.*cr,n,fl)v~,(r,a,a’)d~, (16) 

where r is the vector connecting the centers of two molecules with orien- 
tations and a’, respectively. 

Having made these assumptions and approximations, it can be shown 
that the Helmholtz free energy functional for the model system is given by 

I I  - 

where A*Cf(n)] is the free energy functional for a system of hard rods 
constrained to have orientational distribution functionf(Q). The most con- 
venient shape for the molecular hard cores is a spherocylinder (i.e., a right 
circular cylinder capped on each end by a hemisphere of the same radius), 
because the mutual exclusion volume of two spherocylinders has a particu- 
larly simple dependence on their relative orientations. Since the Helmholtz 
free energy of a fluid of hard spherocylinders cannot be derived exactly and 
has not been calculated numerically, one must resort to some approximate 
statistical mechanical method to evaluate A*Lf(R)]. In the numerical calcu- 
lations done to date, the approach used has almost always been scaled 
particle theory (SPT). (See Ref. 24c for a discussion of the SPT of hard 
spherocylinders.) After A*u(a)] obtained in this manner has been substi- 
tuted in (17), minimization of the functional Alf(n)] yields the following 
nonlinear integral equation for f(i2): 
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38 M.A.  COTTER 

f(W = C exp{ - [ P%p,Q) + A(x,vop) I dQ’f(Q’)lsin y(fl,Q’)\ , 

(18) 
11 

where C is a normalization constant, x and vo are the length-to-width ratio 
and the volume, respectively, of a molecular hard core, and y is the angle 
between the long axes of two molecules with orientations Q and a’, 
respectively. (For a spherocylinder with radius u and cylindrical length 1, 
n = 1/2a + 1 and vo = m21 + (4/3)7ru3.) The precise form of the func- 
tion A(x , vop) depends on which of the several slightly different versions of 
scaled particle theory’9*20*23924 one uses to derive A*v(n)]; in the v e r ~ i o n * ~ ~ * ~  
used most often in calculations, for example, 

B. Results 

Calculations using the empirical pseudo-potential (15) have been carried 
out by me35a (for molecules with x = 3) and by Savithramma and 
Madh~sudana~~ (for molecules with various values of x between 1 and 
2.45). For model systems with x = 3 (a seemingly reasonable a priori 
estimate of the effective length-to-width ratio of a number of nematogens), 
only qualitative agreement with experiment is obtained; in particular, the 
predicted values of the order parameters q2 and q4 are too large and 
the strength of the first-order NZ transition is substantially exaggerated. On 
the other hand, if one uses length-to-width ratios somewhat smaller than 
might be predicted a priori and treats the coefficients q, and q as adjustable 
parameters, this approach yields rather good semi-quantitative agreement 
with experiment. This can be seen from curve B in Figure 1 and from the 
first two columns in Table 11, which compare experimental data for PAA 
with q2(T) at constant P and the properties of the NZ transition, respectively, 
for a model system with x = 1 .75.39b (In comparing the predictions of the 
van der Waals approach with those of the Maier-Saupe and HJL ap- 
proaches, it should be kept in mind that much more is being asked of the 
former than of the latter; i.e., in the latter approaches, one calculates only 
the difference in free energy between a nematic and an isotropic phase at 
a given T and p and obtains p ( T , P )  from experiment when needed; in the 
former approach, one calculates the equation of state and the free energy 
of the isotropic phase as well.) 
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MOLECULAR THEORIES OF LIQUID CRYSTALS 39 

TABLE I1 

Values of various quantities at the NI phase transition as predicted by the 
van der Waals theory with an empirical mean field potential and by the generalized 

van der Waals (GVDW) theory. P = 1 atm in all cases. 

Exp’tl data 
Quantity for PAA x = 1.75 

Ezpirical 

409K 
0.62 

0.0070 
0.499 
0.173 
0.62 
3.9 

31K/kbar 

N L P )  

Theoretical predictions 
x = 2  x = 2  

GVDW theory 

408.4K 
0.456 
0.116 
0.816 
0.572 
2.65 
1.65 

184K/kbar 

GVDW theory 
“Corrected” 

408.8K 
0.556 
0.012 
0.476 
0.149 
0.599 
3.53 

61 K/kbar 

Calculations of thermodynamic properties of nematogens using the gen- 
eralized van der Waals theory, in which p) is given by (16) have been 
canied out by Baron and Gelbart” and by me?’ In the former instance, the 
orientational distribution function f(a) was approximated by the one- 
parameter variational form 

J cosh(acose) sinedo 
0 

first suggested by Onsager.’ (a is evaluated by minimization of the 
Helmholtz free energy.) In the second instance, f (a) was obtained from the 
integral equation (18), which was solved numerically by expanding In f(n) 
in even-order Legendre polynominals through Pz0 (cos 0). Since (20) can 
be shown” to be rather poor approximation to the solution of equation (18), 
the later set of calculations clearly provide the more accurate test of the 
generalized van der Waals theory. 

From the results reported in Ref. 51, it is clear that when ?(a, p) is 
calculated using the generalized van der Waals prescription (16), the agree- 
ment between theory and experiment is considerably poorer than when an 
empirical pseudo-potential with two adjustable parameters is used. This can 
be seen by comparing columns 1, 2, and 3 in Table 11, where column 3 
gives results obtained using (16) and a model system with hard-core length- 
to-width ratio x = 2 and an attractive potential v,,, = -&‘/re between 
molecules, where E’ was chosen to produce T,.,, = 409K. From this com- 
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40 M. A. COTTER 

parison, it is also clear that the generalized van der Waals theory, in its 
present form, greatly exaggerates the degree of orientational order in the 
nematic phase and the strength of the fmt-order NI transition even when 
an isotropic attractive potential v,, is used. In Ref. 5 1, it was argued that 
the most important cause of the quantitative deficiencies of the theory is 
probably - the neglect of short-range orientational order in the evaluation of 
$(a, p) using ( 16). In order to obtain a rough estimate of the order of mag- 
nitude of the errors caused by this neglect of short-range order, the calcu- 
lations were redone for two model systems with x = 2 and x = 3, re- 
spectively, using a very crude and highly arbitrary procedure for mimicking 
the - effects of short-range orientational correlations when evaluating 
+(a, p). The precise procedure used was as follows: when integrating 
va,(r, a, a’) over r and R‘ to obtain $(Q, p), a spherocylindrical volume 
of radius 2u( 1 + a) and cylindrical length 1 surrounding the molecule with 
orientation was defined, and it was assumed that all molecules whose 
centers lie within this volume also have orientation R. (a and 1 are the 
radius and cylindrical length, respectively, of a spherocylindrical hard 
core.) Outside this spherocylindrical volume, the density of molecules with 
orientation R’ was again assumed to be e-wpf(Q’). For both systems 
considered, a was set equal to 1/(8a), which means that the radius 
2u( 1 + a) is midway between the respective distances of closest approach 
of two parallel and two perpendicular molecular hard cores. 

The results of these revised calculations for the model system with x = 2 
are given in column 4 of Table 11, from which it is clear that the incorpo- 
ration of short-range orientational order - however crudely and arbitrarily 
it was done -leads to dramatically improved agreement with experiment. 
This argues quite strongly that the neglect of short-range orientational order 
is indeed a very serious source of error and that in attempting to improve 
the generalized van der Waals theory, top priority should be given to trying 
to incorporate short-range orientational correlations into the theory in some 
approximate but self-consistent manner. 

IV. COMPARISONS AND CONCLUSIONS 

Having described a representative Maier-Saupe and van der Waals theory 
of nematics, I should now like to discuss the relative strengths and weak- 
nesses and the most fruitful applications of each of these types of ap- 
proaches. (Hard-rod theories of nematics will not be included in these 
comparisons because I view them simply as precursors of the van der Waals 
theories.) Finally, suggested improvements and extensions of each type of 
theory will be described briefly. 
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MOLECULAR THEORIES OF LIQUID CRYSTALS 41 

A. Relative strengths and weaknesses 

The great strength of the Maier-Saupe-type theories is their impressive 
combination of simplicity and success. If one were to rank theories of 
nematics on the basis of the quality of their numerical predictions divided 
by the amount of computational effort required, the Maier-Saupe theory 
with the simple pseudo-potential (11) would certainly be in first place. 
Because of its great simplicity, it is relatively easy to extend the theory to 
treat mesogenic systems other than rigid, cylindrically symmetric model 
nematogens. As a result, Maier-Saupe-like approaches have been used to 
study nematogens with semiflexible molecular “tails”,’ nematogens with- 
out cylindrical symmetry,’ mixtures of nematogens,” cholester i~s ,~~ smec- 
t i ~ s , ~ ~ . ’ ~  disc-like m e s ~ g e n s , ~ ~ ~ ’ ~  and mesogens exhibiting “reentrant” 
mesopha~es,~~ among others. Furthermore, as a result of the great sim- 
plicity of the Maier-Saupe approach, it is possible to go beyond the mean 
field approximation; i.e., it is possible to treat a model system with the 
simple pair potential 

without invoking the mean field approximation. The properties of the NZ 
phase transition have, in fact, been calculated for such a model system (or 
its nearest-neighbor lattice analog) using constant coupling theory,” the 
random phase approximation,’“ various versions of the Bethe approxi- 
mation,6,”a*b and computer sim~lation.~’ 

On the other hand, Maier-Saupe-type theories of nematogens have two 
relative weaknesses, in my opinion. First, their basic assumptions are not 
very reasonable physically. Assuming that the distribution of its neighbors 
about a given molecule is spherically symmetric is clearly quite unrealistic 
for typical rodlike nematogens. Moreover, assuming that one can ignore the 
role of “packing effects” in producing nematic long-range order flies in the 
face of what has been learned from the theory of simple liquids; namely, 
that the structure of such a liquid far from the gas-liquid critical point is 
essentially determined by very short-ranged repulsions between mole- 
cules.60 Secondly, it is very difficult to relate the parameters of Maier- 
Saupe-type theories to the molecular properties of individual nematogens. 
(For example, one has no idea how to relate the parameter A appearing in 
the HJL pseudo-potential to molecular size, shape, polarity, polarizability, 
etc.) As a result, this class of theories is not very useful for chemical 
purposes; i.e., for investigating the precise relationship between molecular 
structure and mesomorphic behavior. 

In my opinion, the van der Waals theories of nematics have two relative 
strengths. First, their basic assumptions seem more physically reasonable 
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42 M. A. COTTER 

than those of the Maier-Saupe-type theories -in the light of what has been 
learned about the prime importance of short-range intermolecular re- 
pulsions in ordinary isotropic liquids (see above). Secondly, van der Waals 
theories are clearly more useful for chemical purposes. In particular, the 
ability to vary independently the size and shape of the model molecules, on 
one hand, and the strength, anisotropy, and separation-dependence of the 
intermolecular attractions, on the other hand, makes it relarively straight- 
forward to relate the parameters of the given theory to the structure, 
flexibility, polarity, polarizability, etc., of individual mesogens. 

On the other hand, the major relative weakness of the van der Waals 
theories is their computational complexity relative to Maier-Saupe-type 
theories. Although van der Waals theories using lattice models or con- 
tinuum models with a small set of allowed orientations have been employed 
to treat nematogens with semiflexible “tails ,”22,37 nematogens without cy- 
lindrical hard-core symmetry,6’*62 and nematogens which also exhibit 
smectic/crystalline p h a ~ e ~ , ~ ~ * ~ ~ * ~ ~  such extensions are relatively quite diffi- 
cult using a translational and orientational continuum model, because of the 
necessity of specifying the precise shape of the molecular hard cores and 
of evaluating the orientation-dependent hard-core mutual exclusion vol- 
ume. In this respect, extensions are most difficult if one uses the gener- 
alized van der Waals approach, in which one must evaluate the mean field 
potential %a, p) by averaging the intermolecular potential of attraction v,,, 
(r,fl,n’> over all allowed relative positions and orientations of a pair 
of molecules. 

B. Most fruitful applications 

The most fruitful application of the Maier-Saupe theory and its descendants 
would seem to be the study of phase transitions and associated critical 
phenomena in mesogenic systems. For such investigations, it is important 
that the statistical mechanics be done as accurately as possible, but the 
molecular details of the model system are presumably not important as long 
as the model Hamiltonian has the correct symmetry. This suggests that one 
use the simplest possible Hamiltonian which has the correct symmetry 
properties and will produce the phase of interest. For example, the simple 
Maier-Saupe model with pair potential (1 1) or its nearest-neighbor lattice 
analog would seem to be the appropriate choice for studying the NI transi- 
tion, while McMillan’s extension of the Maier-Saupe would seem 
best suited for studying the nematic-smectic A transition. Finally, a closely 
related fruitful application of Maier-Saupe-type theories is the study of the 
relationship between the symmetry of the intermolecular pair potential and 
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MOLECULAR THEORIES OF LIQUID CRYSTALS 43 

the occurrence and properties of various mesophases. In this spirit, exten- 
sions of the Maier-Saupe theory have been applied to chole~terics,~~ smec- 
tic C me so phase^,^^^ and ordered smectic me so phase^.^^ 

On the other hand, the most fruitful application of the van der Waals 
theories of nematics is clearly the study of the relationship between molecu- 
lar structure and mesophase stabilities and properties. As has been noted, 
in order for a molecular theory to be used successfully to study this ex- 
tremely important relationship, it is necessary that the parameters of the 
theory can be related to the molecular size, shape, flexibility, polarity, 
polarizability, etc., of a particular mesogen in some reasonably straight- 
forward manner. Furthermore, although quantitative agreement between 
theory and experiment is certainly not required, the agreement must be 
good enough so that one can believe qualitative trends and explanations 
suggested by the theory, even rather subtle ones. The latter requirement 
suggests that one use, whenever possible, a model system in which the 
molecules are permitted to adopt a continuous range of positions and 
orientations, rather than a more highly idealized lattice model or model 
with a small set of allowed orientations. Among van der Waals theories 
using such a continuum model, it is clear that the generalized van der Waals 
theory, despite its greater complexity and present quantitative deficiencies, 
is better suited for chemical purposes than the simpler a p p r o a c h e ~ ~ ’ ~ ’ ~ ~ . ~ ~  
employing an empirical mean field potential $ (a, p), since, in the latter, 
there is no straightforward way to relate the strength of the anisotropic term 
in $ to the characteristics of a particular nematogen. 

C. Suggested improvements and extensions 

In my opinion, the most desirable improvement which could be made to the 
generalized Maier-Saupe theory would be to abandon the assumption that 
the “effective” intermolecular pair potential between two molecules i and 
j depends only on r,, = (r,,( and h, * h, where h, and h, are unit vectors 
parallel to the symmetry axes of the two molecules. Leaving aside all 
arguments concerning the relative importance of intermolecular attractions 
and repulsions, one can argue, on symmetry grounds alone, that for axially 
symmetric particles with eqd-to-end symmetry as well, the pair potential 
should also depend on f,, - R, and f,, * 4, where f,, = r,,/Ir,,l. If one views 
the Maier-Saupe theory merely as the simplest possible approach which 
yields a stable nematic phase with reasonable properties, then adding the 
dependence on the latter two variables would be an unwarranted compli- 
cation. On the other hand, if one views the theory as providing the frame- 
work for a quite general theory of nematogens, then starting with a pair 
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44 M.A.  COTI’ER 

potential which depends on r,, hi hj, P, * hi, and P, * hj in some reason- 
able manner, would be a big step forward. This point of view has been 
espoused by Shen et al.,@ who advocated using a pair potential of the form 

v(i , j)  = vo(rii) + vz(r,)pz(hi hj> + W ~ ( ~ “ ) [ P ~ ( . ~ Z ~  * PJ + p2(hj * ~ii>l 
(22) 

More recently, Ruijgrok and Sokalski6’ have presented a simple theory of 
nematics based on ,a Coper potential& which depends on hi P, and hj P, 
as well as r, and ni . ni. 

As noted previously, the Maier-Saupe theory has already been extended 
to treat a large number of mesogenic systems besides simple model nema- 
togens. Among these extensions, it seems to me that further work could 
most profitably be done on models for disc-like mesogens and ordered 
smectic phases. It also appears that some points of contention still need to 
be resolved concerning the extension of the Maier-Saupe approach to 
cholesterics. 53 

Let us now turn to improvements and extensions of the van der Waals 
theories of nematics. The discussion of suggested improvements will focus 
on the generalized van der Waals theory, since it is the most ambitious van 
der Waals approach and seems best suited, at least in principle, for the 
chemical task of studying the relationship between molecular structure and 
mesomorphism. The discussion of suggested extensions will be more gen- 
eral in scope. 

As has been noted, the most promising way to improve the generalized 
van der Waals theory would seem to be to take short-range orientational 
order into account in some approximate but self-consistent manner. Pos- 
sible ways to accomplish this include using some modification of the Bethe 
approximation, using clusters of highly oriented molecules as the basic unit 
in the calculations, and replacing the weighting function pf(R’)e-p in (16) 
by pf(O’)e-”*y(r, y), where e-@’*y represents some density-independent 
approximation to the hard-rod pair correlation f~nction.~’ Secondly, it ap- 
pears that the use of molecular hard cores without cylindrical symmetry 
would also lead to significantly improved agreement with experiment, since 
calculations by a number of  author^,'^^^^',^^ using a variety of approximate 
theoretical techniques, suggest that the assumption of cylindrical molecular 
symmetry leads to substantial overestimates of the degree of order in the 
nematic phase and of the discontinuities in p, H, S, Q, q4, etc., at the NI 
transition. (A promising hard-core shape to try to use would be a “capped 
parallelepiped“ or “stretched spherocylinder;” i.e., a parallelepiped with 
edges of length a. 6 ,  and 1 capped on the surfaces of area a X 1 and area 
a X 6 by half spherocylinders of radius a and cylindrical lengths 1 and 6, 
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MOLECULAR THEORIES OF LIQUID CRYSTALS 45 

respectively.) Finally, the theory might also be improved by evaluating the 
hard-core free energy functional A* Lf(fi)] using a more accurate technique 
than scaled particle theory. Possible approaches of this sort have been 
suggested by Savithramma and Madhus~dana’’~ and Barboy and Gelbart . ” 

Various van der Waals theories of rigid nematogens have been extended 
to treat more complicated mesogenic systems. In addition to the extensions 
already mentioned (section IV A above), van der Waals theories with lattice 
models have been used to treat nematogenic solutions,68 while “continuum” 
van der Waals theories have been used to treat nematogenic  solution^,'^ 
nematic mesophases subject to elastic  deformation^,'^ and disc-like nema- 
togens.” Future extensions that would be particularly desirable, in my 
opinion, include (1) extending the generalized van der Waals theory to 
allow for the occurrence of smectic as well as nematic ordering; 
(2) modifying the generalized van der Waals theory to take into account 
the semiflexibility of the molecular “tails” of many real mesogens; 
(3) developing a van der Waals lattice model for nematogens/smectogens 
which simultaneously takes “tail” semiflexibility into account and can treat 
smectic, nematic, and isotropic phases and (4) using both the generalized 
van der Waals approach and van der Waals theories with lattice models to 
study the relative stabilities of smectic A and C and the more ordered 
smectic mesophases. A student of mine is presently working on the third 
of these suggested extensions. 
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